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Abstract

After undergoing liver transplantation, children are susceptible to oral lesions due to immunosuppressant drugs that
are needed to maintain the transplant. In this context, it is important to understand how disease characteristics and
age at transplantation influence the development of these lesions. Monitoring of lesions begins after transplantation
and children are usually observed by a specialist in stomatology at periodic visits. Consequently, lesion development
is estimated to occur between two observed times, and this is characterized as interval-censored data. However, in
clinical practice, it is common to assume the moment of observation as the time of event occurrence, thereby
excluding interval-censored data. Here, we discuss the impact of excluding interval-censored mechanisms in
statistical analyses by using simulation studies to consider differences in sample sizes and amplitudes between
observed intervals. Then, application studies are presented which use a data set from a prospective study that was
conducted to investigate oral lesions in patients after liver transplantation at the A.C.Camargo Cancer Center in Brazil
between 2013 and 2016 and a data set involving recurrent ovarian cancer in patients diagnosed with high-grade
serous carcinoma at the A.C.Camargo Cancer Center between 2003 and 2016.

Keywords: Interval-censored data, Kaplan-Meier estimator, Liver transplant, Oral lesion, Recurrence ovarian cancer,
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Introduction
After children undergo a liver transplant, they are sus-
ceptible to oral lesions due to the very strong dose of
immunosuppression medicines that are needed to main-
tain the transplant. Consequently, children are monitored
for lesions following surgery. Stomatologists monitor chil-
dren for lesions following surgery and they are interested
in the influence of disease characteristics and age at trans-
plantation on the time until lesions diagnosis, which is
established as the period between the date of transplan-
tation and lesion occurrence. In literature problems like
this have been analyzed using traditional survival analysis
methodologies [1].
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When the event of interest is exactly observed in a time
window (event observed), or when it is not observed, but
it is assumed to occur eventually after such time window
(censored data), there are many statistical methods that
are available for estimating and comparing survival func-
tions. The Kaplan-Meier estimator is often used to esti-
mate survival [2], the log-rank test is the most commonly
used statistical test for comparing the survival distribu-
tions of two or more groups [3], and the traditional Cox
proportional hazards regression model [4] is often applied
to investigate the effect of several variables on a specified
event occurrence.
In clinical practice, both oral care and oral exams

are performed by stomatology specialists at routine
appointments following transplantation. The exact time,
T, that an oral lesion appears is often not observed, but it
can be narrowed to a time period between two appoint-
ments. Thus, T lies at some point within the interval
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[ L,U], where L ≤ T ≤ U , defining interval-censored
data. However, the interval-censoring mechanism is often
ignored assuming the observed time as the exact time
of occurrence. Moreover, researchers and analysts tend
to apply traditional survival methodologies because they
are easier and well-known, or because not all statistical
softwares have procedures for analyzing interval-censored
data.
Another important example of an interval-censoring

mechanism involves time to recurrence in cancer. Often
researchers consider recurrence time to be the date
of the examination at which a diagnosis is made and
they subsequently apply procedures to analyze right-
censored data [5–9], even though recurrence proba-
bly happened between two examination appointments.
However, usual survival analysis methods overestimate
the survival function and this can lead to erroneous
conclusions [10–12].
In the literature, several estimators of survival func-

tion are available. Currently, the Kaplan-Meier estimate
is the simplest method for computing survival over time.
Although, it is only adequate for right-censored data (i.e.,
the event occurs after the last follow-up). Another impor-
tant estimator of survival is Turnbull’s algorithm [13]
which takes into account interval-censored survival data.
The survival curves generated with the Kaplan-Meier esti-
mate and Turnbull’s algorithm are both easily interpreted.
Various approaches for analyzing interval-censored data

have been proposed in the literature. For example, Peto
[14] provided a method to estimate a cumulative distribu-
tion function from interval-censored data. This method
is similar to the life-table technique and to the presented
algorithm for estimating survival [15]. Semiparametric
approaches based on the proportional hazardsmodel have
been developed for interval-censored data [16–21]. More-
over, a wide variety of parametric models can also be
used to estimate the distribution of time to an event
of interest in the presence of interval-censoring data
[22–24]. In a comprehensive review, Gómez et al. [25]
present the most frequently applied non-parametric,
parametric, and semiparametric estimating approaches
that have been used to analyze interval-censored data.
Rodrigues et al. [26] presents an adequate interval cen-
sored methodology application in the boys’ first use of
marijuana data set.
Here, we discuss the importance of applying appropriate

statistical methods to interval-censored data, and we also
assess the impact of ignoring interval-censoring mecha-
nisms in simulation studies for several sample sizes and
width of observed intervals. In all of the examined scenar-
ios, the Kaplan-Meier estimator and Turnbull’s algorithm
are applied to estimate the survival function, and these
estimates are subsequently compared using an error mea-
sure.

In a simulation study three data structures are assumed:
i) interval-censored data (the original mechanism); ii) sub-
stituting the unobservable failure time with the observed
event moment; and iii) substituting the unobservable
failure time with the midpoint of the interval during
which the event occurred. These three approaches are
applied to cases of oral lesion development in patients
after liver transplantation and the practical relevance of
ignoring interval-censored data is also discussed. The
data set used derives from a prospective study of oral
lesion development in patients who underwent liver trans-
plantations at the A.C.Camargo Cancer Center in Brazil
between 2013 and 2016. These three approaches are also
applied to a data set of ovarian cancer recurrence in
patients diagnosed with high-grade serous carcinoma at
the A.C.Camargo Cancer Center between 2003 and 2016.
Briefly, the following four sections include: a presen-

tation of basic concepts of survival analysis, Kaplan-
Meier estimator and Turnbull’s algorithm (“Background”
section), a simulation study with different scenarios to
numerically evaluate the impact of ignoring an interval-
censoring mechanism for obtaining survival function esti-
mates (“Simulation study” section), two applications of
real data sets are presented in “Applications” section,
and final considerations are presented in “Final remarks”
section.

Background
This section describes basic concepts of survival analysis,
and therefore might be skipped by experienced read-
ers. However, it contains notation and important results
that form the basis of specific points considered in later
sections.
When the primary outcome is time to an event of inter-

est, some observations may be incomplete because the
event of interest will not be observed in a pre-specified
time window. Standard statistical methodologies cannot
be applied to incomplete observations and remove them
is not an optimal choice. Therefore, specific techniques
have been developed to handle survival data. Incomplete
observations are censored times in different ways due to
several reasons, leading to various mechanism of censor-
ing, defined below [27]:

• Right-censoring: it occurs when a subject or patient
leaves the study before an event occurs, or the study
ends before the event has occurred. For instance, we
consider patients in a clinical trial to study the effect
of treatments on survival. The study ends after 5
years. Those patients who did not fail (death) by the
end of the year are censored. If the patient leaves the
study at time te, then the event occurs in (te;∞): For
some patients censoring occurs in one of the
following forms:
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1 Loss to follow-up: the patient may move elsewhere;
she or he is never seen again.

2 Drop out: The treatment may have such strong side
effects that it is necessary to stop the therapy. Or the
patient may refuse to continue the treatment.

3 End of study: The study ends at a predefined point of
time. This type of censoring is called administrative
censoring.

4 Competing risks: The event of interest can not be
observed because of the occurrence of a competing
event (for example, death by car accident).

In Fig. 1 the event times of patients 2, 4, and 6 are com-
pletely observed. The event times of patients 1 and 5 are
censored because of loss to follow-up, drop out, or com-
peting risks. Event time of patient 3 is censored because of
the end of study.

• Left censoring: it is when the event of interest has
already occurred before enrolment. As an example,
[26] presents boys’ first use of marijuana. A possible
answer is “I have used it but I cannot remember the
exactly time for my first use of the drug”, which is a
left-censored observation case in the survey moment.

• Interval censoring: it occurs where the only
information is that the event occurs within some
interval. Such interval censoring occurs when
patients in a clinical trial or longitudinal study have
periodic follow-up and the patient’s event time is only
known to fall in an interval (Li, Ui], where L is the left
endpoint and U for right endpoint of the censoring
interval.

It is apparent that any combination of left, right, or inter-
val censoring may occur in a study. Notice that interval
censoring is a generalization of left and right censoring.

The desired quantity when modeling survival data is the
survival function, S(t), which represents the probability of
an individual surviving to time, t. Generally, a nonpara-
metric procedure for estimating this survival function is
applied. It is worth mentioning that for each censoring
mechanism there is a specific technique to estimate the
survival function as illustrated in the next subsection.

Kaplan-Meier Estimator
In medical research, the Kaplan-Meier estimator (also
sometimes referred to as the product limit estimator) is
widely used to estimate survival function from lifetime
data. Generally, this estimation indicates the fraction
of surviving patients for a given period of time after
treatment. In clinical trials and/or community trials, the
effect of an intervention is assessed by measuring the
number of surviving or successfully treated subjects over
a period of time [28]. Additional details regarding possi-
ble applications of Kaplan-Meier estimates are available
in [29].
An important advantage of Kaplan-Meier curves is

that they take into account incomplete observations
[2, 28, 30]. For example, when subjects in a study popula-
tion are only characterized by information that the event
of interest did not occur before a particular time point.
A censored observation contains only partial informa-
tion about a variable of interest. For instance, in medical
studies, data become censored when the trial observation
period is shorter than the time to event. Other reasons for
censoring include loss to follow-up and death due to an
unrelated cause. If censored observations are not present
in a sample, the Kaplan-Meier estimator is equivalent to
obtaining an empirical survival distribution.
Suppose a homogeneous population has the survival

function, S(t), which represents the probability that an

Fig. 1 Event and censoring times of patients in a clinical trial
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Fig. 2 Simulation study. MAE (symbol) ± standard deviation of the MAE (bars) for the IC, UL and MP approaches over a 2-month interval

Fig. 3 Simulation study. MAE (symbol) ± standard deviation of the MAE (bars) for the IC, UL and MP approaches over a 5-month interval
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individual will be alive at time, t, and the event of inter-
est is development of an oral lesion. Moreover, consider
a sample of n individuals from this population and that
survival times are subject to right-censoring (i.e., for some
individuals, the true survival times exceed the censor-
ing time). Therefore, let t1 < t2 < · · · < tk with k ≤ n,
with k ≤ n representing distinct observation times, dj
representing the number of events at time, tj, and nj
representing the number of patients “at risk” just prior
to time tj. The Kaplan-Meier estimator would be defined
as [2]

̂S(t) =
∏

j:tj<t

(nj − dj
nj

)

=
∏

j:tj<t

(

1 − dj
nj

)

. (1)

The Kaplan–Meier estimator is a decreasing step func-
tion which changing only at time of an event. A problem-
atic aspect of this estimating method is that ̂S(t) is not
defined after the largest observation time if the last obser-
vation is a censored one. In this case, ̂S(t) is usually left
unspecified after the largest observation time. A conse-
quence of this is that the mean lifetime can not be esti-
mated. A solution for this problem is to assume that the
survival function is zero after the largest time, although
this obviously results in a biased estimate. Alternatively,
a better solution is to consider the median survival time
[27]. The median survival is the smallest time at which the
survival probability drops to 0.5 (50%) or below. If the sur-
vival curve does not drop to 0.5 or below then the median
time can not be computed. The mean survival time is esti-
mated as the area under the survival curve in the interval
0 to tmax [31].

Turnbull’s Algorithm
In many practical situations, lifetime data may be interval-
censored. In these situations, the time until the event
of interest is not observed exactly. In such cases, the
only information available for each individual is that
their event time falls within an interval, and the exact
time is unknown. The most basic approach for analyzing
interval-censored survival data is use of a nonparametric
estimation of survival function. The latter approach does
not require any modeling assumptions, and thus, the esti-
mated curves can be easily interpreted in a similar manner
to Kaplan-Meier curves for right-censoring. This is usu-
ally the first analysis that is performed for survival time
with interval censoring, and it can be the basis for further
parametric or semiparametric analyses.
Here, we present an analog Product-Limit estimator of

the survival function for interval-censored data. This esti-
mator was suggested by [15]. However, it has no closed
form and it is based on an iterative procedure.
To construct the estimator, let 0 = τ0 < τ1 < . . . < τm

be a grid of time which includes all points Li and Ui for

i = 1, . . . , n. For the ith observation, define a weight, αij
as:

αij =
{

1, if
(

τj−1, τj
) ⊆ (Li,Ui] ,

0, otherwise.

The weight, αij, indicates whether the event which occurs
in the interval (Li,Ui] could have occurred at τj. An initial
guess at S(τj) is made and Turnbull’s algorithm applies as
follows:
Step 1: Compute the probability of an event occurring at

time τj

pj = S
(

τj−1
) − S

(

τj
)

, j = 1, . . . ,m;

Step 2: Estimate the number of event occurring at τj

dj =
n

∑

i=1

αijpj
∑m

k=1 αikpk
, j = 1, . . . ,m;

Step 3: Compute the estimated number at risk at time τj
by Yj = ∑m

k=j dk ;
Step 4: Compute the updated Product-Limit estimator

(1) by using quantities found in Steps 2 and 3. If the
updated estimate of S(·) is close to the old version of S(·)
for all τ ′

j s, stop the iterative process. Otherwise, repeat
Steps 1-3 by using the updated estimate of S(·).
Currently, there are some statistical software programs

that provide tools for analyzing interval-censored failure
time data. One can find some functions in R [32], STATA
and SAS to solve problems when interval-censored data is
present. For more details, in R see survreg() from survival
package [33] and Icens package [34], stintreg function for
STATA [35] and procedure LIFETEST for SAS [36].

Simulation study
In this section, we assess the impact of ignoring an
interval-censoring mechanism in survival function esti-
mates by using the following approaches: (i) applying
Turnbull’s algorithm to interval-censored data (IC) (i.e., in
an adequate manner); ii) applying the Kaplan-Meier esti-
mator when the observed failure time is assumed to be the
exact failure time (UL); and iii) applying the Kaplan-Meier
estimator when the exact failure time is the midpoint of
the interval when the event occurred (MP).
For each random sample generated, survival function

was estimated according to the three different scenarios
for calculating lifetimes (IC, UL, and MP). The survival
function estimates were then compared with the true sur-
vival function. The goal of this simulation study was to
quantify the error in the traditionally applied approaches
(i.e., UL and MP), when estimating the survival function
in relation to the correct approach (IC).
Various sample sizes (n = 50, 100, 300, 500 and 1000),

various right-censored percentages (pc = 0%, 10%,
20%, 40% and 70%) representing proportions of patients
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Fig. 4 Simulation study. MAE (symbol) ± standard deviation of the MAE (bars) for the IC, UL and MP approaches over a 8-month interval

who did not fail during a given period, and three inter-
vals between hospital visits (2 months, 5 months, and 8
months) were examined, thereby producing 75 possible
scenarios. For each configuration, B = 1000 samples were
generated and a measure of MAE from the estimators to
the true distribution was the comparison measure. There-

fore, when̂S(t) is an estimator of the survival function and
S(t) is the true survival function, thenMAE was evaluated
by:

1
l

l
∑

�=1
|̂S(g�) − S(g�) |,

Fig. 5 Estimated survival functions for the oral lesion data set as calculated according to the Kaplan-Meier (K-M) estimator and Turnbull’s algorithm
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Table 1 Survival rate estimates for patients with oral lesions
according to the Kaplan-Meier estimator and Turnbull’s
algorithm, with MAE

Time (days)

Analysis method 60 120 240 360 540 MAE

Turnbull (IC) 0.409 0.217 0.195 0.195 0.002 Reference

Kaplan-Meier (UL) 0.474 0.328 0.285 0.197 0.113 0.050

Kaplan-Meier (MP) 0.435 0.290 0.201 0.178 0.000 0.021

where {g1, . . . , g�, . . . , gl}, is a grid in the space of lifetimes.
Accordingly, smaller values ofMAE correspond to a better
estimate of survival function.
The mean and standard deviation values for 1000 MAE

values obtained by the IC, UL, and MP approaches are
presented in Figs. 2, 3 and 4 for the three hospital visit
intervals, respectively. Overall, the IC approach produced
the lowest mean MAE value for the larger sample sizes,
as expected. It was also observed that increases in sam-
ple size were associated with decreases in the mean of
MAE, regardless of the approach used. In the scenario of
complete data (0% censoring), the IC and MP approaches
exhibited similar behaviors for all three hospital visit inter-
vals. However, as the censoring percentage and sample
size increased, the IC approach exhibited the lowest MAE
mean value, regardless of hospital visit interval. When the
analysis is restricted to the UL and MP approaches, MP
approach presented lower mean values of MAE, in gen-
eral, and it is seen as the less worse approach between
those who ignore the existence of interval censorship
nature in data.

In general, IC approach presented better performance
for all scenarios. It is also worth mentioning that the
range of each hospital visit interval was found to con-
tribute to the magnitude of these differences, with greater
differences observed as the hospital visit ranges increased.

Applications
To show the applicability of interval-censoring mecha-
nism in real data sets, we consider two studies that were
previously conducted at the A.C.Camargo Cancer. The
data sets are characterized by different sample sizes and
distinct survival curves. In both studies, the Kaplan-Meier
estimator and Turnbull’s algorithm were applied to obtain
the survival rate estimates. In addition, we quantified the
estimates difference from UL and MP approaches when
IC approach is considered as reference.

Oral lesion data
A prospective study of oral lesion development in chil-
dren younger than 18 years after liver transplantation was
performed at the A.C.Camargo Cancer Center between
2013 and 2016. Researchers believe that oral lesions are a
side effect of the immunosuppressive medicines that are
administered following liver transplantation. Oral exams
and oral care were performed by stomatology special-
ists during follow-up appointments. Patients were initially
observed every 1–2months. As their recovery progressed,
the interval between visits lengthened. Time until lesion
diagnosis was defined as the period between the date of
transplantation and the time to first observation of an oral
lesion. Patients who did not develop oral lesions until their
last visit were classified as right-censored, and the end

Fig. 6 Survival function estimates obtained with the Kaplan-Meier (K-M) estimator and Turnbull’s algorithm for patients with oral lesions that were
stratified according to age at transplantation
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Table 2 Survival rate estimates for patients with oral lesions
according to the Kaplan-Meier estimator and Turnbull’s
algorithm with MAE

Time (days)

Age group Analysis method 30 60 120 360 540 MAE

Younger Turnbull (IC) 0.778 0.718 0.420 0.300 0.001 Reference

(n=18) Kaplan-Meier (UL) 0.778 0.718 0.598 0.332 0.177 0.070

(Event=15) Kaplan-Meier (MP) 0.778 0.718 0.598 0.266 0 0.048

Older Turnbull (IC) 0.404 0.183 0.097 0.097 - Reference

(n=32) Kaplan-Meier (UL) 0.625 0.344 0.187 0.125 - 0.060

(Event=28) Kaplan-Meier (MP) 0.469 0.281 0.125 0.125 - 0.036

point of their intervals was assumed to be Ui = ∞. The
data set included 50 observations, with 7/50 (14%) being
right-censored. The mean interval between the last two
follow-up exams was approximately 2 months, while the
maximum observation time was 569 days.
Figure 5 shows the survival curves that were estimated

according to the Kaplan-Meier estimator and the Turn-
bull algorithm. In general, UL andMP estimates are higher
than the IC estimates. In Table 1, survival rate estimates
in 30, 60, 120, 360 and 540 days and the MAE values of
UL and MP approaches (considering as reference survival
curve obtained by IC approach) are listed. It was observed
that the UL approach results in greater difference from IC
estimates than the MP approach.
Next, we consider an explanatory variable for this data

set to illustrate the methods, and to assess whether
it is important to explain the time until oral lesion
development. Age at transplantation was selected as the

variable of interest, and it indicates if the patient is
younger (≤ 10 months of age) or older (> 10 months
of age). In Fig. 6, estimated survival curves according
to the Kaplan-Meier and Turnbull methods are shown.
These survival functions were compared with the log-
rank statistic test for censoring-interval data [37], and
a significant difference between the survival curves was
observed.
Survival rate estimates for 30, 60, 120, 360 and 540 days

according to age at transplantation and MAE values of
UL and MP approaches (considering as reference survival
curve obtained by IC approach) are listed in Table 2. The
corresponding estimated survival curves show that the
younger patients had a better survival rate than the older
patients, regardless of the analysis approach. In addition,
use of the UL method for the older patient group tended
to overestimate the survival curve, whereas application of
the MP approach to the younger patient group showed a
trend towards under or overestimating the survival curve.
Meanwhile, the UL approach did trend towards overes-
timating the survival curve. Corresponding differences
are observed in the MAE as well, and this results in
greater difference from IC estimates in the UL approach,
as expected.

Ovarian cancer data
The data set was obtained at the A.C.Camargo Cancer
Center and it included female patients affected by recur-
rence of ovarian cancer. In particular, patients who were
diagnosed with high-grade serous carcinoma between
2003 and 2013 were included in our data set, and follow-
up exams were conducted until 2016. The event of interest
is recurrence of ovarian cancer. The exact time of the start

Fig. 7 Estimated survival functions obtained with the Kaplan-Meier and Turnbull methods for the ovarian cancer recurrence data set
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of cancer recurrence was not observed, although it was
known that it occurred between the diagnosis examina-
tion and the preceding examination. Time to recurrence
was defined as the period between the date of surgery to
remove the primary cancer and the diagnosis of recur-
rence. The data set includes 47 observations, with 11/47
(23.4%) representing right-censoring observations. The
mean interval between the two last exams was 6 months
and the maximum observation time was approximately 8
years.
The estimated survival curves obtained by IC, MP and

UL approaches are shown in Fig. 7. While these sur-
vival functions are in close proximity at some of the time
points, in general, UL approach lead to an higher sur-
vival rate rather than IC and MP approaches. Table 3
provides survival rate estimates for recurrence ovarian
cancer at various time according to the Kaplan-Meier and
Turnbull methods, and there are differences in the sur-
vival rate values for the three approaches. For example,
the estimated probability of recurrence for ovarian can-
cer patients beyond 24 months is 0.511 according to UL
approach and is 0.722 according to IC approach. In this
scenario, if the interest is the point estimate, it is evident
that UL approach leads to higher survival rate compared
to the use of interval-censored approach.

Final remarks
Interval-censored data are often presented in medical
applications. However, many researchers do not take into
account this mechanism when analyzing data. This may
be because traditional methodologies are easier to apply
and are well-known. As observed in the examples pre-
sented in this paper, when the usual methods for survival
analysis are applied inappropriately, authors should be
cautious regarding their conclusions. Besides, it is worth
mentioning that by assuming that an event of interest
occurs at the end of each interval (or at the midpoint)
might lead to an overestimate of survival rates, especially
when there is a large interval between the diagnosis exam-
ination and the preceding exam. We hope the analyses
we have presented will help researchers better understand
the implications of applying traditional survival analy-
sis methods versus adequate methods when analyzing
interval-censored data.

Table 3 Survival rates estimated for ovarian cancer recurrence
according to Kaplan-Meier and Turnbull methods with MAE

Time (months)

Analysis method 12 15 24 36 48 60 MAE

Turnbull (IC) 0.722 0.504 0.438 0.326 0.255 0.199 Reference

Kaplan-Meier (UL) 0.787 0.681 0.511 0.340 0.265 0.209 0.033

Kaplan-Meier (MP) 0.745 0.596 0.383 0.340 0.268 0.215 0.017
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